A quantum theory of two-photon volume photoemission from metals and semiconductors is developed when the incident source of light comprises collinear down-converted entangled-photon pairs with entanglement time T e . Despite the fact that the process involves the absorption of pairs of photons, the entangled-photon photocurrent varies linearly with the incident photon flux density. This is a consequence of the fact that the presence of one photon of an entangled-photon pair signals the presence of the other; it is in sharp contrast with the quadratic dependence of the classical two-photon photocurrent on incident photon flux density. Calculations are carried out for sodium metal ͑Na͒ and for K 2 CsSb, a bialkali-antimonide semiconductor material often used as a cathode in photomultiplier tubes. The photocurrent is found to vary inversely with entanglement time although nonmonotonic behavior emerges over certain ranges of T e . Entangled-photon photoemission may well be useful for enhancing the range of two-photon photoemission spectroscopy and might find particular use in the investigation of surface and image states of various materials.
I. INTRODUCTION
The development of the laser in the early 1960s led to the blossoming of nonlinear optics. 1 Among the plethora of twophoton effects 1 that were first observed during that heady era was the two-photon photoelectric effect. 2, 3 In the intervening years, two-photon photoemission, and two-photon photoemission spectroscopy, has been studied extensively and refined to the point that it has become a valuable tool for obtaining information about interface, surface, and imagepotential states in various materials. 4 -7 The first theoretical treatment of the two-photon photoelectric effect was provided by Smith in 1962, 8 under the assumption that two-photon photoemission was a surface effect. Smith made use of the Sommerfeld model of a metal, and employed a second-order perturbation-theory calculation to calculate the photocurrent. However, it was subsequently determined that two-photon photoemission was a volume effect, and a suitable theory for this model was developed by Bloch in 1964. 9 Bloch's theory was based on the earlier firstorder treatment of the ordinary ͑one-photon͒ photoeffect provided by Fan in 1945 . 10 Both two-photon models predict a quadratic dependence of the two-photon photocurrent on incident photon flux density, as was, in fact, observed in experiments carried out in 1964 by Teich et al. 2, 11, 12 in Na metal and by Sonnenberg et al. 3 in Cs 3 Sb semiconductor. The emergence of optical coherence theory in the 1960s provided an impetus for examining how the statistical properties of light affected the magnitude of nonlinear interactions such as two-photon photoemission. 13 It was established early on, for example, that using excitation with thermal light, which has Bose-Einstein photon-counting statistics rather than the Poisson statistics of coherent light, results in a factor of 2 enhancement of the photocurrent. 13 With the development of nonclassical sources of light in the 1980s ͑see, e.g., the review paper in Ref. 14͒ , it is fitting to revisit this issue. In this paper, we provide a theoretical treatment of two-photon photoemission induced by a light source comprising entangled-photon pairs.
In particular, we consider the generation of such pairs via spontaneous parametric down-conversion in a second-order nonlinear optical crystal. This nonlinear optical process has a long and august history in quantum optics. [15] [16] [17] [18] [19] [20] [21] [22] It leads to the production of a sequence of entangled photon pairs ͑so-called ''signal'' and ''idler'' photons with angular frequencies 1 and 2 , respectively͒, each pair created by a single pump photon ͑angular frequency p ), such that energy and momentum are conserved. The process can be either of type I, in which the generated signal and idler photons have the same polarization, or of type II, in which they are orthogonally polarized. Moreover, the process can be collinear, in which the wave vectors of the signal and idler photons are parallel to that of the pump, or it can be noncollinear. The coherence properties of such sources have been studied extensively 23 and are now well understood. Partial entanglement has been determined to be a dual of partial coherence. 24 The focusing and imaging properties of entangled-photon pairs have also been established. 25, 26 This particular source of nonclassical light is of interest for two-photon photoemission by virtue of the fact that the photons are emitted in pairs; 27, 28 the quantum state for each photon pair cannot be factored into a product of quantum states for the constituent photons. [15] [16] [17] Seminal early studies indicated that the two-photon absorption rate for entangledphoton pairs is linearly proportional to the photon flux density of the illuminating field. 29, 30 This was a remarkable result in nonlinear optics since the two-photon absorption rate is almost always quadratic in the photon flux density. Another appealing feature of using entangled photons is the fact that the cross section for the rate of absorption of entangled photons can be enhanced relative to that of classical light for certain parameter values of the source, at least in simple atoms. 31, 32 Because of these unusual properties, several applications for such sources have been proposed, including entangledphoton virtual-state spectroscopy, 33, 32 entangled-photon microscopy, 34 and entangled-photon lithography.
Entangled-photon photoemission provides a natural choice for examining the interaction of entangled-photon light with matter since the nonlinear and detection processes are combined at a single locus and the behavior of the effect is well characterized for classical light. Furthermore, the effect results in the generation of charged electrons that are readily collected and measured by an electron multiplier, such as that in a photomultiplier tube. In this paper we present a theory of entangled-photon volume photoemission for metals and semiconductors. Specific calculations are carried out for sodium metal ͑Na͒ and for the bialkali semiconductor K 2 CsSb. 36 The latter material is of particular interest because of its wide use as a photocathode material in photomultiplier tubes; it is expected to provide a suitable choice for experimental studies of entangled-photon photoemission.
II. SEMICLASSICAL THEORY OF TWO-PHOTON VOLUME PHOTOEMISSION
A. Two-photon absorption cross section
The two-photon absorption cross section ␦ r for an atomic transition from an initial state ͉i͘ to a final state ͉ f ͘, via a set of intermediate states ͉ j͘, was calculated many years ago using semiclassical theory. [37] [38] [39] Assuming that the incident source of light is coherent and monochromatic ͑with angular frequency ͒, and polarized along the x direction, and that the A"p term dominates the A 2 term in the interaction Hamiltonian ͑A is the vector potential of the field and p is the electron momentum͒, 40, 11 second-order perturbation theory yields
Here r 0 is the classical electron radius (r 0 ϭe 2 /mc 2 ), e is the electronic charge, m is the mass of the electron, and c is the speed of light. The quantity ␦ represents the Dirac delta function; E i , E j , and E f are the energies of the initial, intermediate, and final states, respectively; ប is Planck's constant divided by 2; j is the intermediate-state linewidth; and p x is the electron momentum operator.
Inasmuch as the semiclassical two-photon absorption rate R r is given by 40 R r ϭ␦ r 2 , ͑2͒ the two-photon cross section ␦ r is the proportionality constant between the transition rate R r (sec Ϫ1 ) and the square of the photon flux density 2 (cm Ϫ4 sec Ϫ2 ), and as such has ͑cgs͒ units of cm 4 sec.
B. Two-photon photocurrent
At about the same time as the two-photon transition cross section was calculated, a semiclassical theory for the twophoton photoeffect in solids was developed using a closely related set of assumptions. 9, 11, 12 In this case the electron was initially assumed to be in the conduction band for a metal ͑valence band for a semiconductor͒ and the final state was taken to be the vacuum. This theory embodied a modification of the ordinary single-photon photoeffect theory developed by Fan, 10 in which perturbation-theory calculations were carried to second order. For simplicity of calculation, the theory dealt only with direct interband transitions and considered the electrons to be nearly free and to have Bloch-like wave functions. Inasmuch as both Na metal and K 2 CsSb have nearly spherical Fermi surfaces 11, 41 they more or less satisfy these assumptions. Moreover, it is known that indirect-bandgap materials are generally not good photoemitters. 41 Using this approach, the classical two-photon photocurrent i r is calculated by integrating over all possible initial momentum states k in the Brillouin zone 42 that can result in the escape of an electron from the surface of the material: 9, 10 i r ϭe 2Ad 8
Here A is the illuminated area ͑spot size͒ and d is the electron escape depth so that Ad is the volume of the material involved in the photoemission process, and ͉a i, f ͉ 2 is the transition probability. The rate R r of two-photon absorption from the initial state ͉i͘ to the final state ͉ f ͘ ͑the transition rate for the transition i→ f ), in our notation, is given by the derivative of the transition probability:
Thus, the total two-photon photocurrent can be expressed as
where an intensity-transmittance factor ␤ is incorporated to accommodate reflection at the surface of the material. For sodium metal it is safe to assume that the sphere in momentum space is uniformly filled to the Fermi energy. This is a reasonably good assumption for second-order perturbation-theory calculations, even when the temperature is greater than 0 K, although single-photon photoemission from the Fermi tail can come into play under these conditions 43 as discussed subsequently. It is also reasonable to assume that the Fermi surface is spherical for K 2 CsSb since the material is nearly an intrinsic semiconductor whose Fermi energy is near the center of the band gap. 41 Moreover, photoeffects from multialkali materials are known to vary little with temperature. 44 Integrating Eq. ͑5͒ over the initial k states, it can be shown that 9, 11, 12 i r ϭ͑␤͒ 2 e 2Ad
The foregoing result is valid provided that the approximation that leads to Eq. ͑17a͒ of Ref. 9 ͓which is reproduced as Eq. ͑A16͒ in the Appendix, for convenience͔ is suitable, which is the case for many metals including Na. The quantity E F represents the Fermi energy of the material, k F is the wave number of an electron at the Fermi surface, and eW is the work function of the material. For semiconductors, the energy at the top of the valence band E i max is used in the place of the Fermi energy E F and k i max replaces k F . Alternatively, the photocurrent can be determined by numerically evaluating Eq. ͑16͒ of Ref. 9 ͓reproduced for convenience as Eq. ͑A15͒ in the Appendix͔, which is suitable for both Na and K 2 CsSb. We choose this latter route. Defining the transition matrix element ͑two-photon oscillator strength͒ as
yields the final expression for the two-photon volume photocurrent induced by coherent light: 11, 12 i r ϭ
where r is an efficiency. The dependence of the photocurrent on the strength of the excitation is governed by 2 A ϭ⌽ 2 /Aϰ P 2 /A, where , ⌽, and P represent the photon flux density (photons/cm 2 sec), photon flux ͑photons/sec͒, and optical power ͑W͒, respectively.
C. Two-photon oscillator strength
The two-photon oscillator strength was estimated to have the value ͓ M ͔ Na ϭ8 for Na under the assumptions that the A"p term in the Hamiltonian dominates and that intermediate states for the two-photon absorption process reside only in the final band.
11
The two-photon oscillator strength for K 2 CsSb, ͓ M ͔ K 2 CsSb , can be estimated by making use of the experimentally measured two-photon photocurrents for the two materials. Solving Eq. ͑8͒ for ͓ M ͔ yields
Forming a ratio of the values of ͓ M ͔ for the two materials thus provides
under the assumption that the approximation inherent in Eq. ͑A16͒ is suitable. Equation ͑10a͒ is readily rewritten in terms of the ratio of the double-quantum photoelectric yields 12 ⌳ for the two materials, since ⌳ϭi r / Pϰi r /A. The responsivity ⌳ has units of A/W and is itself proportional to . Equation ͑10a͒ thus becomes
The two-photon oscillator strength for K 2 CsSb, ͓ M ͔ K 2 CsSb , may therefore be estimated by making use of the two-photon oscillator strength for Na determined previously, 11 along with the known parameters of the two materials and their measured double-quantum yields.
However, we choose to avoid the approximation inherent in Eq. ͑A16͒, which is almost certainly valid for Na but may not be for K 2 CsSb, by instead numerically integrating Eq. ͑A15͒ over k, whereupon Eq. ͑10b͒ is replaced by
. ͑10c͒
D. Single-photon photoemission from the Fermi tail
The small magnitude of the two-photon photocurrent makes it important to carry out experimental measurements in such a way that single-photon photoemission is suppressed, lest it mask the two-photon photocurrent. The wavelength of the incident light must therefore be chosen such that its photon energy is smaller than the work function of the material ͑to avoid single-photon photoemission͒ but greater than half the work function of the material ͑to ensure that two photons impart sufficient energy for electron escape͒:
Even under these conditions, however, a single photon can give rise to photoemission via thermally excited electrons in the tail of the Fermi distribution. The probability of this process can be reduced by choosing the photon energy to be just greater than half the work function of the material and by reducing the temperature of the material to reduce the Fermi tail.
2,43
III. QUANTUM THEORY OF ENTANGLED-PHOTON PHOTOEMISSION
When coherent light is used as the source of excitation, it is clear from the results provided in Sec. II that the twophoton absorption and photoemission rates are proportional to the square of the photon flux density. Although the magnitude of the rate depends on the statistical properties of the light, as pointed out in Sec. I, the proportionality of the rate to 2 remains intact for all sources of classical light. This is not necessarily true for nonclassical light.
We proceed to derive an expression for the two-photon photocurrent i e when the source of excitation comprises entangled-photon pairs. In this case the entangled-photon photoemission rate turns out to be proportional to rather than to 2 .
29-31

A. Spontaneous optical parametric down-conversion
The center angular frequencies of the signal and idler wave packets are denoted 1 0 and 2 0 , respectively. The entangled-photon pairs are characterized by an entanglement time T e and an entanglement area A e , representing the widths of the fourth-order temporal and spatial coherence functions, respectively. 23 The entanglement time is a measure of the mean time delay between the arrival of a photon and its entangled twin. It is governed principally by the length of the nonlinear crystal in which the pairs are generated inasmuch as photons of different wavelengths, directions of travel, and/or polarizations experience different mean delays as they pass through the nonlinear crystal, by virtue of dispersion in the medium and/or material thickness. A small entanglement time signifies that the photons arrive closely in time, a condition that is usually desirable. This is most readily achieved by using a thin nonlinear crystal.
Calculations will be explicitly carried out for collinear optical parametric down-conversion in a nonlinear optical crystal of length l, pumped by a monochromatic laser beam with wave number k p .
B. Entangled-photon absorption cross section
We consider the entangled-photon cross section e for a transition from an initial state ͉i͘ to a final state ͉ f ͘, via a set of intermediate states ͉ j͘. This cross section was calculated by Fei et al. 31 in the context of a fully quantum mechanical treatment for transitions between discrete atomic levels, in second-order perturbation theory. Converting Fei et al.'s result from natural to cgs units and considering the special case of a monochromatic pump yields
where the j are phenomenological intermediate-state linewidths, which in general depend on the photon flux density but can be considered constant for sufficiently weak light. 31 The terms within the absolute square in Eq. ͑12͒ can interfere and, in general, lead to nonmonotonic behavior of e with T e , including the possibility of entanglement-induced two-photon transparency for certain values of T e . Both the origin of this interference and its behavior for the 1S-2S two-photon transition in atomic hydrogen have been examined in detail by Fei et al. 31 The entangled-photon absorption rate ͑photons/sec͒ for an electron transition is given by
which indicates that the entangled-photon cross section e has ͑cgs͒ units of cm 2 . The linear dependence of R e on the photon flux density accords with early predictions 29, 30 and with recent quantum mechanical calculations. 31 As indicated above, this behavior is in sharp contrast with that for classical light, which exhibits a quadratic dependence on the photon flux density, in accordance with Eq. ͑2͒. Moreover, the harmonic terms in Eq. ͑12͒ clearly intertwine the entanglement characteristics of the source with the parameters of the medium in a generally nonfactorizable fashion.
C. Critical photon-flux density
The entangled-photon absorption rate R e ϭ e must be supplemented by the absorption rate representing the accidental arrival of pairs R r ϭ␦ r 2 from the source of entangled light. The two photons that induce absorption in the former case are colloquially referred to as ''twins,'' whereas those in the latter case are referred to as ''cousins.'' The overall twophoton absorption rate is then RϭR e ϩR r ϭ e ϩ␦ r 2 , ͑14͒
where ␦ r is given by Eq. ͑1͒ and e is given by Eq. ͑12͒. For a single atom, therefore, two-photon absorption is dominated by entangled-photon pairs ͑twins͒ only for a sufficiently small photon-flux density. The critical photon-flux density c at which the two processes are equal is given by c ϭ e /␦ r . ͑15͒
We will see subsequently that the overall entangledphoton photocurrent elicited from a bulk sample depends on the incident photon flux ⌽ rather than on the photon-flux density , whereas the two-photon photocurrent expressly depends on . Entangled-photon photoemission can therefore be enhanced relative to two-photon photoemission by reducing , which may be operationally achieved by defocusing the beam of light incident on the material.
A simple probabilistic model that considers the twin photons as particles has been set forth previously. 31 Although, by construction, this model cannot exhibit the interference inherent in Eq. ͑12͒, it nevertheless provides some indication of the expected magnitudes of the cross sections ␦ r and e .
Within the confines of this model, the entangled two-photon cross section can be written as
Combining Eqs. ͑15͒ and ͑16͒ yields a simple result for the critical photon-flux density,
however, this phenomenological result must be viewed with caution. For the source of entangled photons at hand, the entanglement time and entanglement area are estimated to be T e ϭ10 fsec and A e ϭ100 m 2 , respectively, so that c ϭ1/2A e T e ϭ5ϫ10 19 photons/cm 2 sec.
D. Simple particlelike model
For a nondepleted pump, the entangled-photon photocurrent is given by i e ϭ␤ 2 eN e Adϭ␤ 2 eN e ⌽dϭ e e⌽, ͑17͒
where ␤ is the intensity transmittance through the surface of the material, e is the electronic charge, N is the atomic density ͑or in semiconductors the number of primitive cells per unit volume͒ of the medium (cm Ϫ3 ), e is the atomic entangled-photon cross section (cm 2 ), is the photon flux density (photons/cm 2 sec), A is the area illuminated (cm 2 ), ⌽ is the photon flux ͑photons/sec͒, and d is the depth of photoemission ͑cm͒. Using this phenomenological model, the entangled-photon photoemission efficiency of the material e ͑electrons/photon͒ is therefore given by e ϭ␤ 2 N e d. ͑18͒
As promised earlier, the entangled-photon photocurrent i e in Eq. ͑17͒ is linearly dependent on the photon flux ⌽. In the context of the simple particlelike model, this dependence arises because the arrival of one photon of an entangled pair indicates with certainty that its twin is close behind ͑for coherent photons, the arrival of one photon indicates nothing about the arrival of another, which yields the ⌽ 2 dependence͒. Nevertheless, the dependence of the entangledphoton photocurrent i e on the intensity transmittance ␤ in Eq. ͑17͒ remains quadratic since the loss of either of the twins results in the loss of the pair. By virtue of its proportionality to ⌽ ͑photons/sec͒, i e is independent of the area of illumination, provided that the beam is within the entanglement area, an important feature that is in sharp contrast with two-photon photoemission.
E. Entangled-photon photocurrent
We now calculate the entangled-photon photocurrent by proceeding along the same lines used in Sec. II, assuming volume photoemission, direct interband transitions, Blochlike wave functions for the initial and final states, and spherical Fermi surfaces.
The entangled-photon photocurrent i e is calculated by integrating over all possible initial momentum states k in the Brillouin zone, 42 which is analogous to Eq. ͑5͒ for two-photon photoemission. The dependencies in Eq. ͑19͒ are identical to those in the simple particle model, as provided in Eq. ͑17͒. In metals and semiconductors, the discrete energy states are spaced sufficiently closely that they form bands. Using the usual parabolic energy-momentum relation 
where the total number of intermediate states per unit volume is
Following earlier treatments, 11, 12 
where kϭͱ2mE i /ប 2 and
It is of interest to observe that the complex exponential terms in Eq. ͑26͒, which are characteristic of the photon entanglement, depend on the entanglement time T e . Thus, the entangled-photon photocurrent can exhibit nonmonotonic behavior as T e is altered. The magnitude of the entangled-photon photocurrent in Eq. ͑25͒ is clearly proportional to Aϭ⌽ϰP, where , ⌽, and P again represent the photon-flux density (photons/cm 2 sec), photon flux (photons/cm 2 ), and optical power P, respectively. As indicated previously, in contradistinction to the classical two-photon photocurrent, the entangled-photon photocurrent depends on the total power of the incident beam so that the degree of focusing of this beam is immaterial. Simple defocusing of the incident light then serves to decrease the contribution of cousins to the photocurrent but does not inhibit that of twins, provided, however, that the defocusing does not concomitantly change the entanglement area A e .
IV. RESULTS
A. Entangled-photon photocurrent
Using Eqs. ͑25͒-͑27͒, we proceed to calculate the entangled-photon photocurrent i e as a function of the entanglement time T e , for Na metal and K 2 CsSb. We effect this calculation in the context of the simplified energy-band diagrams illustrated in Fig. 1 . Results for the sodium and bialkali-semiconductor photocurrents are presented in Figs. 2  and 3 , respectively, for several values of the nondegeneracy ratio: 1 0 / p ϭ1/2, 1/3, and 1/8 ( 1 0 ϩ 2 0 ϭ p ). The entangled-photon photocurrents are also compared with the two-photon photocurrents i r , labeled ''classical'' in these figures. The calculations for the latter are based on the approach used by Bloch 9 and Teich. 11 However, to make as close a connection as possible between the entangled-photon ͓Eqs. ͑25͒-͑27͔͒ and two-photon results, we determine the latter by numerically evaluating Eq. ͑A15͒ rather than by making use of Eq. ͑A16͒.
For all calculations, the pump wavelength is taken to be p ϭ406 nm (ប p ϭ3.054 eV) and the down-converted photon-flux density is set at ϭ5ϫ10 19 photons/cm 2 sec. The minimum initial state energy E i min that is able to conribute to the photoemission process is determined by requiring that E i min ϩប 1 ϩប 2 be sufficient to overcome the work function of the material. The escape depth d of the material, defined in the context of the usual three-step model for photoemission, 46 ,47 turns out to be approximately dϭ400 Å. 48 The calculations take the area of the illuminated spot to be Aϭ10 Ϫ6 cm 2 , corresponding to a spot size of 100 m.
We now present the parameters that differ for sodium and bialkali semiconductor. The parameters used for Na metal are ͑see Ref. The transition matrix element ͑transition ''oscillator strength''͒ for sodium metal is estimated to be 11 ͓ M ͔ Na ϭ8, from which we obtain the average matrix element ϭ8/N j 2
Ϸ1.7ϫ10
Ϫ44 by use of Eq. ͑A13͒. The transition matrix element ͓ M ͔ K 2 CsSb for K 2 CsSb is estimated via Eq. ͑10c͒. Since the optical properties of bialkali antimonides, such as K 2 CsSb, are similar to those of alkali antimonides such as K 3 Sb and Cs 3 Sb, the two-photon photocurrent yields cited by Teich 12 provide
Using Eq. ͑10c͒ leads to ͓ M ͔ K 2 CsSb ϭ4448, which gives rise to an average matrix element ϭ4448/N j 2 Ϸ2.7ϫ10 
B. Entangled-photon quantum efficiency and cross section
Using the parameter values and entangled-photon photocurrent provided above, the entangled-photon quantum efficiency and cross section for Na metal are calculated via Eqs.
͑17͒ and ͑18͒ to be e (Na)ϭ1.6ϫ10
Ϫ15 and e (Na)ϭ6.0 ϫ10 Ϫ30 cm 2 , respectively, for T e ϭ10 fsec. For K 2 CsSb, these values are e (K 2 CsSb)ϭ1.6ϫ10
Ϫ9 and e (K 2 CsSb) ϭ2.6ϫ10 Ϫ25 cm 2 , respectively, also for T e ϭ10 fsec. These cross sections are substantially smaller than those calculated for the 1S-2S transition in atomic hydrogen for an entangled-photon source with similar characteristics; 31 the disparity is likely a result of the fact that the latter interaction is resonant.
V. CONCLUSION
We have carried out calculations in second-order perturbation theory to estimate the photocurrent expected from Na metal and K 2 CsSb semiconductor when entangled-photon pairs of entanglement time T e elicit volume photoemission. The photocurrent varies inversely with entanglement time though subtle nonmonotonic behavior ͑resulting from interference͒ emerges over certain ranges of T e . For sufficiently small values of T e , the magnitude of the entangled photocurrent exceeds that of the semiclassical two-photon photocurrent. The results depend only weakly on the energy nondegeneracy of the entangled-photon pair and on the intermediate-state lifetime of the transition.
The entangled-photon photocurrent for K 2 CsSb, which is calculated to be about five orders of magnitude greater than that for Na metal, should be readily observable inasmuch as the observation of far smaller two-photon photocurrents is commonplace. By virtue of their greater two-photon yield, even larger entangled-photon photocurrents would likely be obtained if organic photoemitters such as anthracene, tetracene, or perylene were used. 
APPENDIX
This appendix details the transformation of Eq. ͑24͒ into Eqs. ͑25͒-͑27͒.
Assuming that the transition matrix element varies slowly with j, 1 , and 2 , which is tantamount to considering an ''average'' matrix element throughout the band, and with the help of Eq. ͑22͒, the entangled-photon current in Eq. ͑24͒ can be written as We proceed to take a number of steps to simplify the triple integral in Eq. ͑A1͒ to a single integral, which we ultimately evaluate numerically.
To begin, as illustrated in Fig. 6 , a change of coordinates
such that (u, v) is a plane of constant energy difference and w is normal to that plane. This is consistent with the conservation of the crystal momentum. To carry out the integration over dw, it is convenient to make use of a Maclaurin expansion of ϭE f ϪE i Ϫប p , 9,10 so that
where 0 ϭ0 and
where g is the gain in momentum associated with the absorption of the two photons and c is a constant.
Using the properties of the ␦ function then yields
where F is explicitly written as
with kϭͱ2mE i /ប 2 . The surface under consideration is determined by the intersection of the uv plane and the surface of constant energy specified by the condition kϭk max ; the former is a circle if the latter is a sphere. This is a good approximation for sodium, where kϭk max ϭk F represents the Fermi surface, and it suffices for K 2 CsSb as well. The triple integral is then reduced to a double integral over the circle on the uv plane:
Transforming to polar coordinates with dudvϭudud, as illustrated in Fig. 7͑a͒ 
͑A10͒
where g is determined by the condition
which simply states that ប p is the energy gained by the absorption of the two photons. Comparing Eq. ͑A10͒ for entangled-photon photoemission with Eq. ͑A15͒ for two-photon photoemission reveals that the distinction lies in the presence of the quantity F(k,T e ) in the former. This integral, set forth in Eq. ͑A6͒, contains the interference terms that are characteristic of entangled photons, as well as the density of states included in the present treatment.
Combining the foregoing results, the entangled-photon photocurrent in Eq. ͑A1͒ simplifies to 
